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Abstract

The recent advances in the research of left-
continuous t-norms is summarized in this
talk. The main focus is on construction
methods, geometric description, and struc-
tural characterization. We point out further
research directions and open problems.
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1 Summary

The structure of continuous t-norms has been known
since ages [19]. In many mathematical theories left-
continuous t-norms have been used for a few decades
without having a single (non-continuous) example at
hand. After this long period – when no left-continuous
t-norm1 was known – the first example, the nilpotent
minimum, was found by Fodor [2]. Even after finding
this example many researchers believed that this is
the only one, and a conjecture was published saying,
roughly speaking, that the nilpotent minimum is the
only left-continuous t-norm.

Next, a series of papers have appeared [11, 14, 15, 8, 7,
3, 1, 16, 5, 20, 6, 22], in which new construction meth-
ods provided the interested community with a huge
number of new left-continuous t-norms. A state of the
art is in [10].

On one hand, the complexity of different construction
methods has reached a high level, therefore this line of
research has become difficult to follow. On the other
hand, the huge number of examples of left-continuous
t-norms has called for a kind of systematization. One
reply for that need is a comprehensive geometric char-
acterization of residuated structures [9, 12], in par-

1From now under left-continuous t-norms we mean left-
continuous but not continuous t-norms.

ticular, of left-continuous t-norms. This geometric de-
scription provides a kind of geometric view of algebraic
phenomena, thus it makes the field of left-continuous
t-norms, and its construction methods much more un-
derstandable. A recent result along this direction is
[17], which resulted in another construction method
in [18].

Concerning structural characterization, little is known
as of today. As it will be explained, it seems to be
hopeless to give classification for the whole class of left-
continuous t-norms. However this does not exclude the
possibility of characterizing certain subclasses of them.
Two recent results concerns the cancellative, and the
regular cases, respectively [4, 21].

These are the focuses of the talk.
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[3] P. Hájek, Observations on the monoidal t-norm
logic, Fuzzy Sets and Systems 132 (2002), 107–
112.

[4] R. Horcik, Algebraic Properties of Fuzzy Logics,
PhD Thesis, Czech Technical University, Prague
2004.

[5] S. Jenei, A characterization theorem on the ro-
tation construction for triangular norms, Fuzzy
Sets and Systems, Fuzzy Sets and Systems, 136
(2003), 283–289.



[6] S. Jenei, F. Montagna, A general method for
constructing left-continuous t-norms, Fuzzy Sets
and Systems, 136 (2003), 263–282.

[7] S. Jenei, A note on the ordinal sum theorem and
its consequence for the construction of triangular
norms, Fuzzy Sets and Systems, 126 (2002), 199–
205.

[8] S. Jenei, F. Montagna, A proof of standard com-
pleteness of Esteva and Godo’s logic MTL, Studia
Logica, 70 (2002), 184–192.

[9] S. Jenei, Geometry of Associativity Theory and
Application, Proceedings of the 25th Linz Semi-
nar on Fuzzy Set Theory (Fuzzy Logics and Re-
lated Structures), (Linz, Austria), 2005, 63-66.

[10] S. Jenei, How to construct left-continuous trian-
gular norms state of the art Fuzzy Sets and Sys-
tems, 143 (2004), 27–45.

[11] S. Jenei, New family of triangular norms via con-
trapositive symmetrization of residuated implica-
tions, Fuzzy Sets and Systems 110 (1999), 157–
174.

[12] S. Jenei, On the geometry of associativity, Semi-
group Forum (in press)

[13] S. Jenei, On the structure of rotation-invariant
semigroups, Archive for Mathematical Logic, 42
(2003), 489–514.

[14] S. Jenei, Structure of left-continuous triangu-
lar norms with strong associated negations. (I)
Rotation construction, Journal of Applied Non-
Classical Logics 10 (2000), 83–92.

[15] S. Jenei, Structure of left-continuous t-norms
with strong associated negations. (II) Rotation-
annihilation construction, Journal of Applied
Non-Classical Logics, 11 (2001) 351–366.

[16] S. Jenei, Structure of Girard monoids on [0, 1], in:
E.P. Klement, S. E. Rodabaugh, (Eds.), Topologi-
cal and Algebraic Structures in Fuzzy Sets, Kluwer
Academic Publishers, Dordrecht, (A Handbook
of Recent Developments in the Mathematics of
Fuzzy Sets, Trends in Logic, vol 20.) 2003, pp.
277–308.

[17] K.C. Maes and B. De Baets, On the structure
of left-continuous t-norms that have a continuous
contour line, Fuzzy Sets and Systems 158 (2007),
843-860.

[18] K.C. Maes and B. De Baets, The triple rota-
tion method for constructing rotation-invariant t-
norms, Fuzzy Sets and Systems (in press)

[19] P.S. Mostert, A.L. Shields, On the structure of
semigroups on a compact manifold with boundary.
Ann. Math., 65 (1957), 117–143.
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